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Appendix 1   

Algebraic pertinently consistent with Geometric: 

Tables and figures for Phillips Curve, exogenous vs. endogenous 
 

 

This Appendix has two parts. Part 1 is composed of 17 tables from the 

aspect of algebra, 15 figures from the aspect of geometry, as well as some 

Notations.  While part 1 deals with the essence of Phillips unemployment, Part 

2 clarifies the underlying background of Phillips unemployment by geometrical 

measurements, in the form of hyperbolas. 

Part 1: The essence of Phillips unemployment 

1. Tables 

Algebraic measurements clarifying the essence of Phillips unemployment 

These 17 tables are indicated as algebraic measurements to clarify the 

essence of Phillips unemployment. These tables are for 68 countries, 1990-2013, 

using the KEWT database series, 8.14 and 9.15.  New discoveries soon after the 

EES (18 June 2014) clarify that Deficit=0 is most sustainable; effectively, 

efficiently, and robustly, resulting in the Rate of Inflation=0 and Technological 

Progress>0 (hereunder simply, the inflation rate). 

Here is the list of these 17 tables at a glance. 

Table A1 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A2 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A3 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A4 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A5 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 
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Table A6 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A7 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A8 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A9 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A10 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A11 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A12 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A13 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A14 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A15 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A16 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 

Table A17 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      ,  the growth rate of Y,   
 ,  and endogenous rate of tech progress, 

  
 . (by country, 1990-2013) 
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Table A1 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 .  

by country, 1990-2013 
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Table A2 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 .  

by country, 1990-2013 
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Table A3 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A4 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A5 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A6 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A7 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A8 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A9 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A10 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A11 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A12 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A13 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A14 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A15 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A16 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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Table A17 Deficit & Balance of Payments to Y and, endogenous inflation rate, 

      , the growth rate of Y,   
 , and endogenous rate of tech progress,   

 . 

by country, 1990-2013 
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2. Figures 

Geometric measurements clarifying the essence of Phillips unemployment 

This section of part 1 of Appendix 1 is composed of the following 15 

figures for 68 countries, 1990-2012, consistently marching with the KEWT 

database series, 8.14 and 9.15. 

Here is the list of these 15 figures at a glance. 

Figure A1-1 Endogenous Phillips curve/line that uses endogenous inflation rate 

and endogenous or external rate of employment (1) 

Figure A1-2 Endogenous Phillips curve/line that uses endogenous inflation rate 

and endogenous or external rate of employment (2) 

Figure A1-3 Growth rate of employment in equilibrium and endogenous/external 

in inflation rate (1) 

Figure A1-4 Growth rate of employment in equilibrium and endogenous/external 

in inflation rate (2) 

Figure A1- 5 Two basic functions of the growth rate of population/employees by 

sector: the US, Japan, Germany, and Russia 2007 (1) 

Figure A1-6 Two basic functions of the growth rate of population/employees by 

sector:  Sweden, UK, China, and India 2007 (2) 

Figure A1-7 Function of r*(n) that suggests the relationship between the rate of 

unemployment and the inflation rate (1) 

Figure A1-8 Function of r
*
(n) that suggests the relationship between the rate of 

unemployment and the inflation rate (2) 

Figure A1-9 Comparisons of various inflation rates, endogenous and external, by 

area 1990-2007 

Figure A1-10 The rate of change in the relative share of capital by country 

Figure A1-11 The of change in the relative share of capital versus the wage 

growth ratio of external to endogenous 

Figure A1-12 The external rate of unemployment and, the inflation rate as 10 year 

debt yield less the real rate of return, and the real rate of return by sector (1) 

Figure A1-13 The external rate of unemployment and, the inflation rate as 10 year 

debt yield less the real rate of return, and the real rate of return by sector (2) 

Figure A1-14 Endogenous rates of (un)employment in equilibrium and the 

private sector/government sector in the rate of (un)employment (1) 

Figure A1-15 Endogenous rates of (un)employment in equilibrium and the 

private sector/government sector in the rate of (un)employment (2)  
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Figure A1-1 Endogenous Phillips curve/line that uses endogenous inflation rate 

and endogenous or external rate of employment (1)   
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Endogenous Phillips (2) 

 
 

Figure A1-2 Endogenous Phillips curve/line that uses endogenous inflation rate 

and endogenous or external rate of employment (2)  
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Figure A1-3 Growth rate of employment in equilibrium and endogenous/external 

in inflation rate (1)  
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Endogenous Phillips (4) 

 
 

Figure A1-4 Growth rate of employment in equilibrium and endogenous/external 

in inflation rate (2)  
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Algebraic pertinently consistent with Geometric: 

Tables and figures for Phillips Curve, exogenous vs. endogenous 

‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒ 
Endogenous Phillips (5) 

 
 

Figure A1-5 Two basic functions of the growth rate of population/employees by 

sector: the US, Japan, Germany, and Russia 2007 (1) 
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Endogenous Phillips (6) 

 
 

Figure A1-6 Two basic functions of the growth rate of population/employees by 

sector: Sweden, UK, China, and India 2007 (2)  
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Algebraic pertinently consistent with Geometric: 

Tables and figures for Phillips Curve, exogenous vs. endogenous 

‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒ 
Endogenous Phillips (7) 

 
 

Figure A1-7 Function of r*(n) that suggests the relationship between the rate of 

unemployment and the inflation rate (1)  
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Endogenous Phillips (8) 

 
 

Figure A1-8 Function of r
*
(n) that suggests the relationship between the rate of 

unemployment and the inflation rate (2)  
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Algebraic pertinently consistent with Geometric: 

Tables and figures for Phillips Curve, exogenous vs. endogenous 

‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒‒ 
Endogenous Inflation (1) 

 
 

Note: For external inflation rate, the rate of change in consumers’ price index, 

    ,was taken.  For endogenous infltion rates, one is the weighted average of 

the theoretical wage rate and the rate of return ,                , and 

the other is 10 year debt yield less the real rate of return at convergence, 

                      
  .  

 

Data source: KEWT 3.09 of fifty-eight countries by sector, 1990-2007, whose 

ten original data come from International Financial Statistics Yearbook, IMF. 
 

Figure A1-9 Comparisons of various inflation rates, endogenous and external, by 

area 1990-2007 
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Endogenous Inflation (2) 

 
 

Figure A1-10 The rate of change in the relative share of capital by country   
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Figure A1-11 The of change in the relative share of capital versus the wage 

growth ratio of external to endogenous 
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Growth rate of Employment in Equilibrium (1) 

 
 

Figure A1-12 The external rate of unemployment and, the inflation rate as 10 

year debt yield less the real rate of return, and the real rate of return by 

sector (1)  
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Figure A1-13 The external rate of unemployment and, the inflation rate as 10 

year debt yield less the real rate of return, and the real rate of return by 

sector (2) 
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Growth Rate of Employment in Equilibrium (3) 

 
 

Figure A1-14 Endogenous rates of (un)employment in equilibrium and the 

private sector/government sector in the rate of (un)employment (1)  
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Figure A1-15 Endogenous rates of (un)employment in equilibrium and the 

private sector/government sector in the rate of (un)employment (2)  
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3. Notations 

Equations endogenously connected with inflation rate, returns, and growth 

3.1 Four basic equations at convergence 

The rate of return at convergence: 

      
                    

         
               (1) 

where    
 

  
  and     

         

                    
 .       

 

The horizontal asymptote (HA) of the rate of returns: 

      
  

            

       
                   (2) 

The real rate of return: 

     
        

    
 

    
  

   

    
. 

1
         (3) 

The HA is used so as to match the fact that the lower limit of the nominal 

interest rate is zero when an inflation rate is formulated endogenously. 

For an endogenous inflation (+)/deflation ( ) rate: 

                           
   

and,                
               (4) 

where 10 year debt yield,      , is used for the market nominal rate. 

 

3.2 The inflation/deflation rate, the rate of return,  
and the growth rate of output   

The growth rate of output at convergence: 

       
  

            

   
                  (5) 

where   
          and   

                hold. 

The relationship between the growth rate of output and the rate of return 

each convergence: 

  
   

    

 
    or      

 

    
   

 , or  
 

    
  

  

  
          (6) 

 

Then, using Eq. (3) above, Eq. (4) is expressed as 

                                                      

1 If      
    ,   

                

                      
 and      

         .  This equation 

is consistent with Eq. 6, yet is not simplified enough. 
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                   (7) 

Or, Eq. (4) is expressed as 

            
  

  
                   (8) 

For Eq. (7), assuming that       is fixed, the higher   
  

  
   the lower the 

inflation rate is.  This indicates that the growth rate of population n and the rate 

of return should be high and the growth rate of output at convergence should be 

low if the inflation rate should be lowered.  And, the lower the        the 

lower the inflation rate is. 

For Eq. (8), assuming that       is fixed, the lower   
  

  
   the lower the 

deflation rate is.  This indicates that the growth rate of population n and the rate 

of return should be low and the growth rate of output at convergence should be 

high if the deflation rate should be lowered.  And, the higher the       the 

lower the deflation rate is. 

If a desired inflation/deflation rate is set zero: 

         
  

  
   or,               

    (9) 

Eq. (8) does not use expected rates but       of the financial/market assets 

and n,   , and   
  of the real assets, where       and n are given externally. 
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Part 2: The background of Phillips unemployment 

Part 2 is composed of the following nine figures/illustrations, which clarify 

the underlying background of Phillips unemployment, from the aspect of 

geometrical measurement. 

Here is the list of nine figures at a glance. 

Figure A2-1 Hyperbola       and endogenous inflation/deflation expressed by HA 

Figure A2-2  Phillips curve is expressed by linear, due to hyperbola r*(i) and 

n(i)=i(n) 

Figure A2-3  Explanatories for                     ,              , and 

                

Figure A2-4  Two fundamental functions of the ratio of investment to output in 

equilibrium, inherent in the endogenous I-S diagram 

Figure A2-5  Two fundamental functions of the ratio of investment to output in 

equilibrium, inherent in the endogenous Phillips curve 

Figure A2-6  Endogenous Phillips’ line versus external Phillips’ curve: the 

inflation rate to the rate of unemployment 

Figure A2-7  Endogenous Phillips’ line versus external Phillips’ curve: the 

inflation rate to the rate of unemployment 

Figure A2-8  Effective range of equilibrium versus risky range to close 

disequilibrium for       

Figure A2-9  Curvature most useful for policy-makers and decision-makers 

 

The above nine figures/illustrations show hyperbola measurements, which 

are each short-cut of endogenous equations.  The essence of the Phillip’s curve 

and/or line is completely supported and reinforced by these figures.  When 

statistics data are used, the Phillips curve is estimated while when endogenous 

data are used, the Phillips line is measured accurately. 

If statistics data = endogenous data hold, as in the EES, the Phillips curve is 

always shown by lines.  The mechanics is the same regardless of which data are 

used.  We are much obliged to Phillips on this discovery and accordingly, 

Phillip’s tests of practice machine actually manufactured by Langley family, as 

shown in the literature. 

The substance of the machine is now scientifically fulfilled by the method 

of the EES and its hyperbola topology in the two-dimensional plane.   
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Source: the EES, p.506, 2013. 
 
 

Figure A2-1 Hyperbola       and endogenous inflation/deflation expressed by HA 

 

 

 

 

 

       

 

       

 

       

 

Figure 3-1 r*(i) by country 2010 
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Source: the EES, p.516, 2013. 
 

Figure A2-2  Phillips curve is expressed by linear, due to hyperbola r*(i) and 

n(i)=i(n)  

 

       

 

       

 

       

 

Figure 3-1 r*(n) by country 2010 
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Figure A2-3 Explanatories for                     ,              , and 
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BOX B-1 Cases when each of elements, a, b, c, d, is zero (the EES, 478, 2013) 

i)  a=0, the linear type: y =
cx +d

b
  or y =

c

b
x +

d

b
.   To      . 

ii)  b=0: y =
cx +d

ax
 and y =

c

a
+

d

ax
.   To      ;       . 

iii)  c=0 and d=1: y =
1

ax +b
.   To      ( ) and      ( ). 

iv)  d=0: y =
cx

ax +b
 and y =

c

a
+

 
b  c

a

ax +b
.   To  ( ) or  ( );           and      ;        . 

v)  c=0: y =
d

ax +b
.   To       . 

vi)  No zero, the standard type: y =
cx +d

ax +b
 and y =

c

a
+

d 
b  c

a

ax +b
.  To      ;   ( ) and  ( ). 
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Figure A2-4 Two fundamental functions of the ratio of investment to output in 

equilibrium, inherent in the endogenous I-S diagram  
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Figure A2-5 Two fundamental functions of the ratio of investment to output in 

equilibrium, inherent in the endogenous Phillips curve 
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Figure A2-6 Endogenous Phillips’ line versus external Phillips’ curve: the inflation 

rate to the rate of unemployment 

 

 

 
 

Figure A2-7 Endogenous Phillips’ line versus external Phillips’ curve: the inflation 

rate to the rate of unemployment  
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Figure A2-8 Effective range of equilibrium versus risky range to close 

disequilibrium for       
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Figure A2-9 Curvature most useful for policy-makers and decision-makers 
 


